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Summary  of  Significant  Results 


The  Pis,  Farhi,  Goldstone  and  Shor  worked  an  a  wide  variety  of  problems  in  quantum  information  and  quantum  computation 
which  resulted  in  many  publications  and  stimulated  much  discussion  in  the  wider  community.  Some  of  the  research  highlights 
are  outlined  below. 

In  joint  work  with  David  Gosset,  Itay  Hen,  Anders  Sandvik,  Peter  Young  and  Francesco  Zamponi,  two  of  the  Pis  of  this  grant, 
Farhi  and  Shor,  used  a  variety  of  techniques  to  study  the  performance  of  the  Quantum  Adiabatic  Algorithm  on  random 
instances  of  two  combinatorial  optimization  problems.  The  first  problem  was  3-regular  3-XORSAT  which  is  known  to  be  difficult 
for  conventional  search  algorithms.  Here  it  was  possible  to  use  the  cavity  method  to  show  that  the  gap  governing  the  quantum 
algorithm  is  exponentially  small  meaning  that  the  simplest  version  of  the  quantum  adiabatic  algorithm,  with  a  stoquastic 
Hamiltonian,  does  indeed  have  difficulty  with  this  problem.  Numerical  simulation  confirmed  these  results.  For  the  problem  of  3- 
regular  Max-Cut  random  instances  were  generated  out  to  160  bits.  Here  as  the  bit  number  increased  the  fraction  of  instances 
with  small  gaps  increased.  In  this  case  the  median  gaps  appear  to  decrease  exponentially  in  the  number  of  bits,  but  with  a 
small  exponent  and  in  fact  the  data  could  also  be  well  fit  with  an  exponential  decrease  with  an  exponent  proportional  to  the 
square  root  of  the  number  of  bits. 

In  joint  work  with  David  Gosset  and  Sam  Gutmann,  the  Pis  of  this  grant  investigated  Hamiltonians  associated  with  the  quantum 
adiabatic  algorithm  with  totally  random  cost  functions.  Because  these  cost  functions  lack  any  structure  the  investigators  were 
able  to  prove  results  about  the  ground  state.  They  found  the  ground  state  energy  as  the  number  of  bits  goes  to  infinity,  showed 
that  the  minimum  gap  goes  to  zero  exponentially  quickly,  and  saw  a  localization  transition.  They  proved  that  there  are  no  levels 
approaching  the  ground  state  near  the  end  of  the  evolution.  It  is  not  clear  whether  features  of  this  model  are  shared  by  the 
quantum  adiabatic  algorithm  applied  to  random  instances  of  satisfiability  since  despite  being  random  these  instances  do  have 
clause  structure. 

Public-key  quantum  money  is  a  cryptographic  protocol  in  which  a  bank  can  create  quantum  states  which  anyone  can  verify  but 
no  one  except  possibly  the  bank  can  clone  or  forge.  Farhi  and  Shor  worked  on  the  development  of  secure  quantum  money 
schemes,  both  in  general  and  with  a  specific  example.  Together  with  Andrew  Lutomirski,  Scott  Aaronson,  David  Gosset, 
Avinatan  Hassidim  and  Jonathan  Kelnerthey  showed  that  a  previous  scheme,  introduced  by  Aaronson,  was  insecure.  The 
group  also  introduced  a  category  of  quantum  money  protocols  which  they  called  collision-free.  For  these  protocols,  even  the 
bank  cannot  prepare  multiple  identical-looking  pieces  of  quantum  money.  This  approach  was  realized  in  a  specific  scheme 
called  Quantum  Money  from  Knots  which  was  developed  by  Farhi,  Gosset,  Hassidim,  Lutomirski  and  Shor.  In  this  scheme, 
money  states  are  quantum  superpositions  of  diagrams  that  encode  oriented  links  with  the  same  Alexander  polynomial.  As  of 
this  report,  this  scheme  has  not  been  broken  and  we  expect  it  to  remain  secure  against  computationally  bounded  adversaries. 

In  work  with  Salman  Beigi  and  John  Watrous,  Shor  investigated  quantum  interactive  proofs.  These  are  protocols  in  which  a 
verifier  and  one  or  more  provers  send  quantum  messages  (encoded  in  quantum  states)  to  each  other,  the  goal  being  to 
convince  the  verifier  that  some  statement  is  true.  They  considered  three  variants  of  quantum  interactive  proof  systems  in  which 
short  (meaning  logarithmic-length)  messages  are  exchanged  between  a  prover  and  a  verifier.  The  first  variant  is  one  in  which 
the  verifier  sends  a  short  message  to  the  prover,  and  the  prover  responds  with  a  polynomial-length,  message;  the  second 
variant  is  one  in  which  any  number  of  messages  can  be  exchanged,  but  where  the  combined  length  of  all  the  messages  is 
logarithmic;  and  the  third  variant  is  one  in  which  the  verifier  sends  polynomially  many  random  bits  to  the  prover,  who  responds 
with  a  short  quantum  message.  They  prove  that  in  all  of  these  cases  the  short  messages  can  be  eliminated  without  changing 
the  power  of  the  model,  so  the  first  variant  has  the  expressive  power  of  QMA  and  the  second  and  third  variants  have  the 
expressive  power  of  BQP.  These  facts  are  proved  through  the  use  of  quantum  state  tomography,  semi-definite  programming 
and  the  finite  quantum  de  Finetti  theorem. 

Farhi,  Goldstone  and  Shor  along  with  Ramis  Movassagh,  Daniel  Nagaj  and  Tobias  Qsborne  investigated  chains  of 'd' 
dimensional  quantum  spins  (qudits)  on  a  line  with  generic  nearest  neighbor  interactions  without  translational  invariance.  They 
found  the  conditions  under  which  these  systems  are  not  frustrated,  i.e.  when  the  ground  states  are  also  the  common  ground 
states  of  all  the  local  terms  in  the  Hamiltonians.  The  states  of  a  quantum  spin  chain  are  naturally  represented  in  the  Matrix 
Product  States  (MPS)  framework.  Using  imaginary  time  evolution  in  the  MPS  ansatz,  they  numerically  investigated  the  range  of 
parameters  in  which  it  was  expected  that  the  ground  states  be  highly  entangled  and  found  them  hard  to  approximate  using  the 
MPS  method. 

In  follow  on  work  Shor  along  with  Sergey  Bravyi,  Libor  Caha,  Movassagh  and  Nagaj  looked  at  frustration-free  (FF)  spin  chains. 
These  have  the  property  that  their  ground  states  minimize  all  individual  terms  in  the  chain  Hamiltonian.  They  asked  how 
entangled  the  ground  state  of  a  FF  quantum  spin-s  chain  with  nearest-neighbor  interactions  can  be  for  small  values  of  s.  While 
FF  spin-1/2  chains  are  known  to  have  unentangled  ground  states,  the  case  s=1  had  been  less  explored.  They  proposed  the  first 
example  of  a  FF  translation-invariant  spin-1  chain  that  has  a  unique  highly  entangled  ground  state  and  exhibits  some  signatures 


of  critical  behavior.  The  entanglement  entropy  of  one  half  of  the  chain  scales  as  log(n)/2  +  0(1 ),  where  n  is  the  number  of  spins. 
They  proved  that  the  energy  gap  above  the  ground  state  is  polynomial  in  1/n.  The  proof  relies  on  a  new  result  concerning 
statistics  of  Dyck  paths  which  might  be  of  independent  interest. 
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